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Some generalisations to infinite permutation groups of familiar results on normal sub-
groups of finite multiply transitive permutation groups are given, and the limits of these results
are explored by means of examples.

1. Introduction

The purpose of this paper is to examine possible generalisations to infinite
groups of well-known results on the topic of the title for finite groups. The most
important such results are those of Jordan ([7] p. 65; [1] p. 198; [11] pp. 28, 31):
a non-trivial normal subgroup of a k-transitive group other than S, is (k—1)-
transitive, except possibly if k=3 and the normal subgroup is a regular elementary
abelian 2-group; and Burnside ([1] p. 202): a minimal normal subgroup of a 2-transi-
tive group is either elementary abelian and regular or primitive and simple. In each
case, the use of the result is somewhat limited by the scarcity of examples of finite
multiply transitive groups.

Jordan’s theorem extends without change to the infinite ; T will prove a slightly
stronger version, using Wielandt’s concept of k-primitivity ([11] p. 23). The new
feature, however, is that it is best possible. Using a technique of Fraissé [3], I con-
struct, for every k, a k-transitive group with a normal subgroup which is not
k-transitive.

A different construction, due to Higman, Neumann and Neumann [5] and
Cohn [2], yields a 2-transitive group with two non-abelian simple regular normal
subgroups, and a 3-transitive group with two sharply 2-transitive normal sub-
groups. However, I show that a 4-transitive group cannot have a sharply 3-transi-
tive normal subgroup.

Burnside’s theorem clearly cannot be generalised as it stands: for minimal
normal subgroups may not exist, and regular normal subgroups need not be ele-
mentary abelian. Also, the proof uses the theorem of Frobenius, that a finite transi-
tive group with all 2-point stabilisers trivial has a regular normal subgroup (see
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[1] p. 199), and this is false for infinite groups. I show that a subgroup of finite index
in an infinite 2-transitive group is primitive, while an imprimitive normal sub-
group with a minimal block of imprimitivity has all 2-point stabilisers trivial.

Notation is as in Wielandt’s book [11], except that G, denotes the setwise
stabiliser in G of the subset 4.

2. On Jordan’s theorem

A permutation group G on a set Q is k-primitive if it is k-transitive and the
stabiliser of any k—1 points acts primitively on the remaining points.

Theorem 2.1. Let N be a non-trivial normal subgroup of the k-primitive infinite permuta-
tion group G. Then either

(i) N is k-transitive, or

(i) k=2 and N is a regular elementary abelian 2-group.

Proof. Recall that if 4 is a regular permutation group on €, then we may identify
Q with A so that 4 acts by right multiplication; if 4 is normal in G, and 1€4 is
identified with o€, then the actions of G,=G, on Q and (by conjugation) on 4
agree under the identification ([11] p. 27).

The theorem is proved by induction. For k=1, see [11] p. 17. Suppose
k=2. Then N is transitive, and N,<aG,, so either N,=1 (whence N is regular)
or N, is transitive (whence N is 2-transitive). In the former case, if x€N and x2z1,
then {x, x~'} is a block of imprimitivity for G;; so x®=1 for all x¢N, and N
is elementary abelian.

For k=3, we see similarly that N is regular, sharply 2-transitive, or 3-transi-
tive. But if N is regular, then {y, xy} is a block of imprimitivity for G,,; and if
N is sharply 2-transitive, then it has a unique element x interchanging « and f,
with x2=1, and the orbits of x form a system of imprimitivity for G,.

For k=23, induction shows that N is regular or k-transitive, and the first
possibility is ruled out by the same argument as in the case k=3.

Since a 2-transitive group is primitive, we have Jordan’s result:

Corollary 2.2. Let N be a non-trivial normal subgroup of a (k+1)-transitive infinite
permutation group G. Then the conclusions of Theorem 2.1 hold.

Note that the holomorph of an elementary abelian 2-group (an affine group
over GF (2)) is 3-transitive, so case (ii) occurs. The following examples show that
case (i) also occurs for any value of &.

Let T be a first-order theory for which the finite models have the following
two properties.

1. Hereditary property (HP): Any subset of a model of T (more precisely,
the relational structure induced on any subset) is a model of T.

2. Amalgamation property (AP): If M,, M,, M, are models of T and
fi: My—~M; are embeddings (i=1, 2), then there is a model M, and embeddings
g M;~M; (i=1,2) such that f,g,=/,8,-

Then (see Fraissé [3], Woodrow [12]) there is, up to isomorphism, a unique
countable model M of T with the properties that every finite model of T embeds
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in M, and every isomorphism between finite subsets of M extends to an automorphism
of M. (We call such a model homogeneous.)

Example 2.3. Let T be the theory of k-graphs. (A k-graph is just a set of vertices
with a collection of k-element subsets of the vertex set called edges.) Clearly T has
HP and AP. Let M be the unique countable homogeneous k-graph, and N=Aut (M).
Then N is (k—1)-transitive but not k-transitive. Furthermore, N is generously
(k—1)-transitive in the sense of Neumann [9]: the setwise stabiliser of any k-set
induces the symmetric group S, on it. Now the complementary k-graph M (whose
edges are the k-sets which are not edges of M) is a countable homogeneous k-graph;
so there is an isomorphism g: M—~M. Let G=(¥,g). Then N is a subgroup
of G of index 2, whence normal; and G is k-transitive.

Example 2.4. Let 7 be the theory of k-tournaments. (A k-fournament is a set of
vertices with a k-ary relation R having the properties that R(x,, ..., x;) holds only
if x4, ..., x, are all distinct, and that if x;, ..., x, are distinct then R(xy, ..., X;)
holds if and only if R(x,, xy, ..., x,) does not hold.) Again there is a unique count-
able homogeneous model Af; this time N=Aut (M) is (k—1)-transitive and homo-
geneous but not k-transitive. (The stabiliser of a k-set induces the alternating group
A, on it, so N is almost generously (k— 1)-transitive, in Neumann’s terminology.)
There is an isomorphism g from M to its converse M (with R(x,, ..., x,) if and
only if x,...,x, are distinct and R(x,, ..., x;) does not hold), and G=(N, g)
is k-transitive and has N as a normal subgroup of index 2.

This example shows that the theorem of Ito [6] (see [9] p. 479), that for k=4
a normal subgroup of a k-transitive group other than S is generously (k— 1)-transi-
tive, fails for infinite groups.

3. Sharp k-traositivity

We begin this section with two further examples.

Example 3.1. Let S be a group in which all non-identity elements are conjugate.
{The existence of such groups was proved by Higman, Neumann and Neumann [5].)
Let G=SXS acton =S by the rule (g, #): x—g 1xh. Then G is 2-transitive,
and each of the two direct factors S;={x—g 'x} and S,={x—xh} is a regular
normal subgroup of G.

Example 3.2. Let D be a division ring with the property that all elements except
0 and 1 are conjugate in the multiplicative group of D. (For the existence of such divi-
sion rings, see Cohn [2].) Let G be the group {x+—>a'xb-+cla, b, c€D, ab>0}
of permutations of Q=D. Then G is 3-transitive. Moreover, both N;=
={x—a"'x+cla, c€D, a0} and N,={x—>xb+clb, c€D, b0} are sharply
2-transitive normal subgroups of G.

Tt is clear that this sequence of examples cannot be extended two steps further,
since there is no infinite sharply 4-transitive group (Tits [10]; Hall [4] p. 73). I show
next that even one further step is impossible.

Theorem 3.3. A 4-iransitive infinite permutation group cannot have a sharply 3-transi-
tive normal subgroup.

3%
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Proof. Suppose, if possible, that G is 4-transitive on @, and N is a sharply 3-transi-
tive normal subgroup of C. Let g=(x)(fy)...€N. Then g* fixes o, f and 7y, so
g®=1. Now all involutions of N are conjugate in G (for any such involution is deter-
mined by two of its cycles, and G 1s 4-transitive), so all involutions fix a point. (An
involution cannot fix two points, since Gz, centralises g and acts transitively on
Q—{a, B,7}) Let g=(@)(By)(de)...; h=(Bd)(ye)...cN. Then g and i commute,
so & fixes a. If k is another involutlon in G, say k=(«)(Bd)..., then hk~1 fixes
o, B and 8, so A=k. It follows that the involutions in N, all commute and, together
with the identity, form a regular normal subgroup 4, of N,.

Now, as in Hall [4] p. 385, N, can be identified with the group {x—xa+5b}
of permutations of a nearfield F with additive group 4, and multiplicative group
N,. Let  and y correspond to 0, 1 respectively of F.

Let t=(af)(y)...€N. Then {t)=NNGlpy=Gpsy, SO G,y = Gapy X (1)
Both ¢ and G, act on the regular group N,,; by conjugation; ¢ fixes only the identity,
and G, Is transitive on the non-identity elements. For x€N,;, x#1, we have
x#=x', s0 x 1x's1. By transitivity of G,;,, every element y=1 of N, is expressible
in the form x~*x’. We have (x7'x)'=(x"1x')"}, so ¢ inverts N,;, whence N,
is abelian. Now the multiplicative group of F is commutative, so F is a field.
(Incidentally, putting a=-<e, we see that 7 acts as x—1/x, so N=PGL (2, F).)

But there is no commutative field with more than four elements whose auto-
morphism group is transitive on elements other than 0 and 1. For suppose F were
such a field. Then F has characteristic 2. The equations f2+4-+=0, r®*+¢=1 have
between them at most four solutions, so some element t¢€ F satisfies #2+¢¢ {0, 1}.
By assumption, every element u¢ {0, 1} is expressible in the form ¢24¢. The map
t—t2+¢ is GF (2)-linear and its image contains F—{l}, so its image must be F;
that is, some element € F satisfies ¢*+¢=1. But then every element of F—{0, I}
satisfies this equation, a contradiction. This completes the proof of the theorem.

4. On Burnside’s theorem

In contrast to the finite case, infinite multiply transitive groups may be very
richly supplied with normal subgroups. (For example, McDonough [8] found a
permutation representation of the free group of rank 2 which is k-transitive for
all k) In view of this and the remarks in the Introduction, the best we could hope
for is that an imprimitive normal subgroup must contain a regular normal sub-
group. I know of neither a proof of, nor a counterexample to, this assertion. A couple
of positive results follow.

Theorem 4.1. A subgroup of finite index in an infinite 2-transitive group is primitive.

Proof. It is clearly sufficient to prove the assertion for normal subgroups. So let
G be 2-transitive on 2, and N a normal subgroup of G of finite index. Suppose N
is imprimitive, and let B be any block of imprimitivity. For any o, f€Q, there
is a member of B¢ containing o and . Now Gy is transitive on B, so G is transitive
on pairs (&, B"), for a¢ B’¢ BS. It follows that G, is transitive on the members of
B containing «. But N, fixes one of these; so « lies in only finitely many members
of BS. It follows that B is infinite.
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Let B,2B,2...2B, be a chain of blocks for N, and take a¢B,. Then
N, has fixed sets B,—{a}, B,_1—B,. ..., B.—B,, 2—B, in Q—{a}. But it can
have at most |G:N| orbits there; so n=|G:N|—1. Thus any descending chain
of blocks is finite, so there exists a minimal block. Let B be chosen to be a minimal
block. Then two points a, § lie in exactly one member of BS, since if «, f€¢ BN B’
then BN B’ is a block for N, so B=BNB’=B’ by minimality. Now, if y¢ B,
then infinitely many members of B¢ contain y and a point of B (since B is infinite),
contradicting the preceding paragraph.

Theorem 4.2. Let N be an imprimitive normal subgroup of the 2-transitive group
G on Q, having a minimal block of imprimitivity B. Then N,=1 for all o, fcQ
with a#p.

Proof. As in Theorem 4.1, any two points lie in a unique member of BY, call members
of B lines, and let off denote the line containing « and f. Note that N, fixes all
lines containing o. For y¢ af, N, fixes ay and Py, and hence fixes their intersection
9. Now N,=N,,; for p'caf, f#a, the same argument shows that N,, fixes §’.
So N,=1.

Remarks. 1. Affine groups satisfy the hypotheses of the theorem, with N the sub-
group consisting of translations and dilations; the lines in the proof are exactly
the affine lines, and the systems of imprimitivity are the parallel classes.

2. Let G be the group of Example 3.1, and identify @ with the regular normal
subgroup §,. Then blocks for S, containing the identity are exactly the subgroups
of S;; so there is no minimal block.
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